In this paper, we give the N-fold Darboux transformation (DT) for the continuous Heisenberg spin chain which describes the motion of the isotropic ferromagnets in the complex case. By using this DT, we get N-soliton solutions and a new exact solution of the spin chain from a trivial seed solution and a plane wave seed solution, respectively.
Introduction
In the 1970s, the continuous Heisenberg spin chain which describes the motion of the magnetization vector of the isotropic ferromagnets has attracted much attention [1 -4] . In [3] , the explicit single-soliton solutions in the isotropic case were presented. In [4] , the inverse scattering method was applied to the continuous Heisenberg spin chain and its Lax representation was obtained. In [5] , the N-soliton solution was obtained by applying the Wadati gauge transformation to the inverse scattering problem of a nonlinear evolution equation. In [6] , the N-soltion solution was given explicitly according to the bilinear equations obtained by Hirota. Since the 1970s, the continuous Heisenberg spin chain also received much attention. In [7] , the higher-order Heisenberg spin chain equations were deduced by Chen and Li and they proved that these equations are equivalent to the evolution equations of the Ablowitz-Kaup-Newell-Segur (AKNS) By using the nonlinearization method, Qiao [8] presented a finitedimensional integrable system and the involutive solutions of the higher-order Heisenberg spin chain. In [9] , the relation among the different systems associated with the Heisenberg magnetic equation was studied by the reduction procedure.
The Darboux transformation (DT) as a useful method to get explicit solutions of nonlinear partial differential equations has been utilized to obtain solutions of the continuous Heisenberg spin chain. In [10, 11] , for the spectral problem related to the continuous Heisenberg spin chain, explicit one-fold Darboux transformations were constructed to obtain its soliton solutions. In [12] , Cieśliński and Czarnecka constructed the Darboux-Bäcklund transformation for the two-dimensional Heisenberg chain. In [13] , Saleem and Hassan constructed the Darboux transformation for the generalized Heisenberg magnet model and obtained multi-soliton solutions in terms of quasideterminants.
In [11] , the soliton solutions were obtained for the continuous Heisenberg spin chain equation by the onefold DT, and the iterative relationship between the Nth solution and the (N + 1)st solution can be derived by applying the one-fold DT N times. However, the relationships between the new solutions and the seed solutions are not given. In this paper, according to the determinant representation of DT [14 -17] , we directly construct the N-fold Darboux transformation for the continuous Heisenberg spin chain by using a similar method as in [18] . By using of the N-fold DT, we can obtain the relationships between the new solutions and the seed solutions without tedious and complicated iterations.
In this paper, we study the continuous Heisenberg spin chain introduced in [4] , where Takhtajan considered an infinite linear chain with spin-density s j (x,t) for j = 1, 2, 3 and length of the spins equal to 1, i.e. s 2 1 (x,t) + s 2 2 (x,t) + s 2 3 (x,t) = 1. The motion equation of the continuous Heisenberg spin chain is
where S = s 1 σ 1 + s 2 σ 2 + s 3 σ 3 , and σ j ( j = 1, 2, 3) are the Pauli matrices
If we let w = s 3 and u = s 1 − is 2 , then from (1), we get
where w is a real-valued function, u is a complexvalued function, and u * denotes the complex conjugate of u. According to the length constraint condition, we have
In Section 2, according to the spectral problems in [7 -11] , we give the Lax pair of (3) and (4). Then we construct the N-fold Darboux transformation for the Heisenberg spin chain (1). In Section 3, using different seed solutions, we get exact solutions of (1) . From the trivial seed solution, we get breather solutions for the first two components and soliton solution for the third component of the spin chain. These solutions are similar with those in [10, 11] . From the plane wave seed solution, we get a new exact solution of the spin chain. In Section 4, we make our conclusion.
Darboux Transformation
The spectral problem of the system (3) and (4) (cf. [7 -11] ) is given by
and the corresponding auxiliary spectral problem is given by
where φ = (φ 1 , φ 2 ) T . λ is a constant spectral parameter, u and w are functions of x and t. We want to find a transformationφ = T φ , such that the Lax pair
is transformed intō
whereŪ andV have the same forms as U and V respectively, which are obtained by replacing u, u * , w, u x , u * x , w x withū,ū * ,w,ū x ,ū * x ,w x , respectively, in U and V . Then the matrix T satisfies
According to the zero curvature equation, if (u, w) satisfies (3), (ū,w) also satisfies (3). The transformation φ = T φ is a Darboux transformation for the Lax pair (5) and (6) .
In the following, we first construct the Darboux transformation for the Lax pair (5) and (6). Then we give the relationship between (u, w) and (ū,w).
Firstly, the Lax pair (5) and (6) satisfies the loop group conditions
where σ 2 is the Pauli matrix defined in (2). Equation (10) implies that T satisfies T (λ * ) = σ 2 T * (λ )σ 2 (constraints imposed by reduction groups, see [19 -21] ). Then from (9), we have to demand T (0) = const. in order to preserve the conditions U(0) = V (0) = 0 and U(0) =V (0) = 0. For simplicity, we suppose T (0) = I. So we let
where (5) and (6) (5) and (6) 
where
Note that complex λ j and real r j should be suitably chosen such that the determinants of the coefficient matrices of systems (12) and (13) are nonzero and thus
From the form of T in (11), we find that
which means that λ j and λ * j are roots of det T (λ ) = 0. At the same time, from T (0) = I, we know that det
In the following theorem, we give the relationship between (u, w) and (ū,w). (3) and (4), (ū,w) with
Theorem 1. If (u, w) is a solution of
is a new solution of (3) and (4), where A N and B N are determined by (12) and (13) .
Proof. From (17) , it can be verified by a straightforward calculation that |ū| 2 +w 2 = 1. In order to prove that (ū,w) is a new solution of (3), we need to verify the validity of (9).
Step 1: We verify the validity of the first part of (9), i.e. T x + TU =ŪT .
Let T −1 = adj(T )/ det T and
A direct calculation shows that
, and λ −1 f 22 (λ ) are all 2Nth-order polynomials in λ , and F(λ * ) = σ 2 F * (λ )σ 2 . By using (5), (12), (13), and (14), we get
We can verify that λ j and λ * j (1 ≤ j ≤ N) are roots of f kl (λ ) = 0 for k, l = 1, 2. Therefore, we have
with P(λ * ) = σ 2 P * (λ )σ 2 , i.e.
where p
11 and p (1) 12 are independent of λ . We can further rewrite (20) as
Comparing the coefficients of λ N+1 in (22), we find
From (17) and (23), we have
Then we obtain T x + TU =ŪT .
Step 2: As in Step 1, we verify the validity of the second part of (9), i.e. T t + TV =V T similarly.
A direct calculation shows that λ −1 g 11 (λ ), λ −1 g 12 (λ ), λ −1 g 21 (λ ), and λ −1 g 22 (λ ) are all (2N + 1)st-order polynomials in λ and G(λ * ) = σ 2 G * (λ )σ 2 . By using (6), (12) , (13) , and (14), we result in
We can verify that λ j and λ * j (1 ≤ j ≤ N) are roots of g kl (λ ) = 0 for k, l = 1, 2. Therefore, we have
with Q(λ * ) = σ 2 Q * (λ )σ 2 , i.e. 12 (k = 1, 2) are independent of λ . We can further rewrite (27) as
Comparing the coefficients of λ N+2 in (29), we get
From (17) and (30), we obtain
If we further compare the coefficients of λ N+1 of (29), by using (31), we have
According to step 1, by comparing the coefficients of λ N in T x + TU =ŪT , we find
(33) By using (32), (33), and the expressions ofū and w, through tedious calculation (which can also be done easily by using the Mathematica software), we achieve
Then we have T t + TV =V T . The proof is complete.
From Theorem 1 and the transformation w = s 3 , u = s 1 + is 2 , we find that
is a new real-valued solution of the Heisenberg equation (1).
In the following section, we will obtain exact solutions of (3) and (4) by the use of Theorem 1. Then through (35), we will obtain real-valued exact solutions of the Heisenberg equation (1).
Exact Solutions
In this section, we will take a trivial solution and a plane wave solution as the seed solution, respectively, to obtain exact solutions of the Heisenberg equation (1).
Trivial Seed Solution
In this subsection, by using the N-fold Darboux transformation and taking a trivial solution as seed solution, we give the breather and soliton solutions of (1). It is easy to see that (u, w) = (0, 1) is a trivial solution of (3) and (4), and we take it as the seed solution. From (16) and (17), the solution of (3) and (4) is given by
From (35), we can obtain a series of solutions of the Heisenberg equation (1) which are given by
We choose two basic solutions of (5) and (6) as
For simplicity we let r j = −1 ( j = 1, 2, . . . , N) in (14). Then we have
From the linear system (12), (13) and the expression of (39), we find that if λ j ( j = 1, 2, . . . , N) are real, the obtained solutions are trivial. To get non-trivial solutions, we choose λ j ( j = 1, 2, . . . , N) as complex.
When N = 1, taking λ 1 = τ 1 + iτ 2 , where τ 1 and τ 2 are real, the solution of (3) and (4) is Then a solution of the Heisenberg equation (1) is (2τ 2 (x + 4τ 1 t) ) ,
For given values of τ 1 = 1 and τ 2 = 2, we give the plots of s 1 [1] , s 2 [1] , and s 3 [1] in Figure 1 . We find that s 3 [1] is a bell-shaped single-soliton solution, and s 1 [1] and s 2 [1] are single-soliton solutions with exchange interactions, i.e. they are breather solutions.
When N = 2, for simplicity, taking λ 1 = τ 1 + iτ 2 , λ 2 = −τ 1 + iτ 2 , where τ 1 and τ 2 are real, the solution of (3) and (4) is and the solution of (1) is 
For given values of τ 1 = 1 and τ 2 = 2, we give the plots of (43) in Figure 2 . We find that s 1 [2] and s 2 [2] are two head-on breather solutions, and s 3 [2] is a bellshaped two-soliton solution.
Plane Wave Seed Solution
In this subsection, by the modified Darboux transformation method [22 -24] , we can get rational solutions of (3) and (4) by the one-fold Darboux transformation. Then, new exact solutions of (1) can be obtained.
In order to get rational solutions, we take a plane wave solution as the seed solution. It is easy to see that (u, w) = (b e i(2x+4at) , a) satisfies (3), where a and b (b = 0) are real. To satisfy (4), we have a 2 + b 2 = 1. Taking (u, w) as the seed solution, we suppose that the basic solutions of (5) and (6) have the following forms:
where a i , b i , c i , and d i (i = 1, 2) are complex, and λ = a + ib. Substituting (44) into the Lax pair (5) and (6) and comparing all the coefficients, we have
In order to preserve the positivity of |φ 1 | 2 + |φ 2 | 2 and get some solutions with simple forms, we choose a 2 =
For simplicity, we let r 1 = 0 in (14), and we get Then from the linear systems (12) and (13), we obtain
From (16) and (17), the solution of (3) and (4) is given by
Now from (35), we obtain the solution of the Heisenberg equation (1) 
If we further let a = 0, b = 1, the solution of the Heisenberg equation (1) (51)
The plots of (51) are given in Figure 3 . Note that s 3 [1] is a rational solution. To the best of our knowledge, (51) is a new solution of the Heisenberg equation (1) .
Since the seed solution is related to λ , we cannot apply the N-fold DT when N = 2, 3, . . . . Although we can iterate the one-fold DT to get new solutions, it would be much more complicated.
Conclusions
In this paper, we construct the N-fold DT of the Heisenberg equation (1) . By the use of the obtained DT, from the trivial seed solution (u, w) = (0, 1), we get breather solutions for the first two components and soliton solution for the third component of the spin chain (s 1 , s 2 , s 3 ) . From the plane wave seed solution (u, w) = (b e i(2x+4at) , a) with a 2 + b 2 = 1, we get a new exact solution of the spin chain (s 1 , s 2 , s 3 ) . Particularly, the third component of the spin chain is a rational solution.
